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Introduction.
Let F := (F 1 , . . . , F k ) : C n → C k be a polynomial map with
and G a polynomial in n variables such that G|F −1 (0) ≡ 0. The Hilbert Nullstellensatz guarantees the existence of polynomials A 1 , . . . , A k such that
where s is an integer ≥ 0. In the usual proofs of this result, one is not concerned with estimates about the degree of the A j 's and the exponent s. This question was considered by Brownawell [Br1] and later by N. Fitchas [Fi] and Kollár [K] . Kollár got the best estimates under the technical hypothesis deg F j = 2 for j > 1. Namely it is possible to solve (1.1) with estimates (1.2)
The result of Brownawell-Kollár is in fact a result about homogeneous ideals which has also an interpretation in algebraic geometry. This was pointed out by Brownawell [Br2] (see also [T] ) as follows:
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Note that the value of the exponent s in (1.1) (namely s = s 1 + s 2 ) which is provided that way depends on the decomposition of the homogeneous ideal.
On the other hand, in the particular case where #F 
that is the local Noether exponent of the map F at α. It is well known [GH] that
where ν := max
Nevertheless, this result, which provides an exponent
depending only on the ideal (F 1 , . . . , F k ), does not give any information on the degree of the A j F j 's where
The main objective of this paper is, under the hypothesis #F −1 (0) < ∞, to find some balance between good estimates for s (that is estimates depending on the affine situation and not on the projective one) as in (1.6) and good control on the degree of the A j F j 's such as in (1.4).
In order to do that, we consider two different approaches.
• The first one works only if k = n, #F −1 (0) < ∞, and the map (
. . , F n are algebraically independent over C). It uses essentially two ingredients. Primo, some variants (which will be detailed in §2) of the fact that for any G ∈ C[X], the map
where [ ] denotes the total sum of residues in the sense of Grothendieck) is a rational map. Secondo, some very classical combinatory argument due to Perron [Pe] , and which is also a basic tool in the work of Jelonek, Ploski and Pi. Cassou-Noguès [Je] , [CN] , [CNPl] , [Pl1] , [Pl2] . This first approach allows us to deal with three particular situations: (a) (F 1 , . . . , F n ) is a proper map; (b) (F 1 , . . . , F n ) is a proper map over the origin; (c) (F 1 , . . . , F n ) satisfies some "separation condition" (as in [PlT] ) over the origin.
(a) In case (a), R F,G is in fact a polynomial, with degree controled by the Lojasiewicz exponent δ > 0 of the map (F 1 , . . . , F n ), defined as
There are in this subcase two different results; either one can profit from the knowledge of δ and get, using Cauchy-Weil formula, that if G|F
(where E(·) denotes the integral part); or one can essentially reinterpret some algebraic method (already introduced in [CN] , [CNPl] ), which gives, for some
Such estimates were obtained by Pi. Cassou-Noguès in [CN] . One can compare these estimates with (1.7) only if one has some estimate from below for the Lojasiewicz exponent.
(b) In case (b), the method that leads to (1.8) works exactly the same and provides exactly the same result (already obtained in [CNPl] ). The main difference with [CNPl] is that here we can extend the method to some particular situation when the map is not proper at the origin, namely in case (c).
• The second approach works in the general case where #F −1 (0) < ∞, but it profits from the knowledge of the Lojasiewicz exponent q at infinity of the map (F 1 , . . . , F k ); since the case of proper maps has already been treated, this approach is interesting in the case when q ≤ 0. Note that, from Brownawell [Br1] , we know that
One just interprets the condition (1.10)
. The key algebraic ingredient is Briançon-Skoda theorem about integral closures of ideals ( [BS] , [LT] 
Moreover, this result can be improved if one assumes that the maximal ideal (X 0 , . . . , X n ) is not an embedded prime component in the decomposition of (
Note that such results englobe the result obtained in [CNPl] for "stablely inconsistant maps" in the sense of [Fi] (#{F −1 (w)} = 0 for w 1.)
In order to be able to compare the different versions of the Nullstellensatz which we propose here, it is of course necessary to remark that estimates (1.7), (1.11), (1.12) have the advantage to be much more precise than (1.8) or (1.9), but need someà priori information about the Lojasiewicz exponent (δ in the proper case, q in the general case.) Note that, if the maps (F 1 , . . . , F n ) is proper at 0, and if G|F −1 (0) ≡ 0, then, one has from (1.11) (1.13)
which seems clearly in general better than estimates (1.8); this shows the real power of Briançon-Skoda theorem. We will see that, though the first approach does not seem to lead to such estimates, it has the advantage to be completely constructive (in terms of computations of total sums of residues.) Another interesting remark is that the methods in section 3 provide some effective Nullstellensätze independently of the results of Brownawell. Such methods could be a starting point to get some complete analytic proof of BrownawellKollár results. Note also that all the results here have been obtained in the case when the zero set of the entries is discrete. This is a rather good situation for effectivity problems, since one knows in this particular case that the Buchberger algorithm (to get a standard basis for the ideal) runs in subexponential time (see [CoS] ). The search for estimates depending on the affine degree instead of the projective one in such effectivity problems, dealing with the non discrete situation, has been recently investigated in [HGi] .
Ackowledgements. Part of this work was inspired by discussions with A. Ploski and by a conference he gave in Bordeaux as an invited Professor in March 1995. We also would like to thank Pierrette Cassou-Noguès who suggested in [CN] this kind of problems in relation with [BGVY] . This paper was written while the third author was invited at the University of Calabria; he would like to take here the opportunity to thank warmly this Institution.
Newton sums and total sums of residues.
Let f = (f 1 , . . . , f n ) be a polynomial map from C n to C n such that #f
(0), one can define the total sum of residues of r with respect to f as (2.1)
where IF is a subfield of C, then the total sum of residues of r with respect to f is also in IF.
where µ f (α) is the local multiplicity of the map f at α. In particular
can be interpreted as the trace of the multiplication operator
, where
Moreover, if
the symmetric functions of the collection {r(α), α ∈ V }, σ 1 , . . . , σ d , can be computed in terms of the Newton sums S 1 , . . . , S d of these numbers, namely
Then, the characteristic polynomial of the multiplication operatorr,
can be expressed in terms of total sums of residues modulo the Newton relations.
We have the following:
where
. This can be done for each j ∈ {1, . . . , n}. For any
This follows from the transformation law for total sums of residues (see [Aiz] ). On the other hand, for any (
It is well known that the expression (2.7) is a rational function in w, with denominator
This implies that (2.6) equals R F,G , where R F,G is a rational function of w with denominator
This completes the proof of lemma 2.1. Note that such a lemma was proved in [Bie1] using a completely different method. ♦
is a polynomial (since the A j,0 in (2.4) can be taken as equal to 1.) We have in fact in this case the following more precise result:
is a polynomial map from C n → C n , with degree at most:
Therefore, it follows from Bochner-Martinelli formula in its general form (see [Aiz] or [BGVY] ) that, for w 1,
.
From the fact that F (ζ) ≥ γ ζ δ for ζ 1, the Stokes formula and standard estimates show that 
Proof. It follows from formulas (2.6) and (2.7) and from the fact that a denominator for
• When F is just dominant, few things can be said about the rational function R F,G . Nevertheless, there are two interesting situations that will be discussed later. Definition 2.1. Let F = (F 1 , . . . , F n ) be a dominant polynomial map from C n to C n . The map F satisfies the separation condition over the origin if and only if there are constants c > 0, 0 < K 1,j < K 2,j < +∞, j = 1, . . . , n such that for any j ∈ {1, . . . , n}
Example. Suppose the map F = (F 1 , . . . , F n ) is commode in the sense of Ploski (see for example [PlT] ), that is ∃q > 0, ∃κ > 0, ∃K > 0 such that for any j ∈ {1, . . . , n},
. Then, the map F satisfies the separation condition over the origin. This is immediate to check: if F (ζ) = w, w ∈ (C n ) * , one has, for any
, w 1, we have, for any j ∈ {1, . . . , n} (2.10)
one can take K large enough so that (2.10) remains valid when w = 0. So that (2.9) is fulfilled with
Remark. Note that the separation condition over the origin implies that the fiber F −1 (w) remains discrete when w 1. This follows from the maximum principle: let Γ be an irreducible branch with positive dimension of the fiber F −1 (w), where w c. Then, on Γ, the function ζ → 1
is a bounded holomorphic function, therefore a constant, which is a contradiction (since this is true for any j ∈ {1, . . . , n}.)
Under such separation condition, we have the following lemma.
Lemma 2.4. Let F = (F 1 , . . . , F n ) be a dominant polynomial map from C n to C n which satisfies the separation condition over the origin (with constants c, K 1,j , K 2,j , j = 1, . . . , n.) Let J be the Jacobian of F , there exists some algebraic hypersurface Σ in C n , such that for any w ∈ Σ, the variety
does not vanish on it, and for any G ∈ C[X 1 , . . . , X n ], for any w outside Σ,
where R F,G is a rational function with no poles at the origin. 
For w outside the hypersurface
(w) is discrete and the polynomial H does not vanish on it. Moreover, for such w, 
equals exactly the trace of the operator (F 1 − w 1 , . . . , F n − w n ); then from the computations in lemma 2.1, it is a rational expression in w with denominator
It remains to see that, in fact, this rational function has no poles at the origin. Let w ∈ C n \ Σ, w ≤ c; then
It is immediate to see that, if k 1 , . . . , k n are positive integers with
for some constant C G (k 1 , . . . , k n ) independent of α. This follows from the separation condition over the origin (in
for some constant C independent of w. Then R F,G has in fact no poles at the origin and the lemma is proved. ♦ Remark 1. Suppose that (F 1 , . . . , F n ) is separated over the origin and not proper over the origin. There are some constants K, q, κ > 0 such that
Following exactly the proof of lemma 2.4, one can see then that 
where ( 
According to the above definition, we have the following:
Lemma 2.5. Let F = (F 1 , . . . , F n ) be a dominant polynomial map from C n to C n which satisfies the (H −δ) separation condition over the origin. Let J be the Jacobian of F . There exists some algebraic hypersurface Σ in C n such that for any w ∈ Σ, the fiber F −1
(w) is discrete, H does not vanish on it, and for any
G ∈ C[X 1 , . . . , X n ], for any w outside Σ,   GJ H E(deg G/δ)+1 dX 1 ∧ . . . ∧ dX n F 1 − w 1 , . . . , F n − w n   = R F,G (w) ,
where R F,G is a rational function with no poles at the origin.
Proof. It is exactly the same than the proof of lemma 2.4, except that estimate (2.12) has to be replaced by the following: if w ≤ c and
Therefore the function ζ → G(ζ)/H(ζ)
(w), and the lemma follows exactly as in the proof of lemma 2.4. There is also in this case a remark analogous to Remark 1 above. ♦ 3. A first approach to the Nullstellensatz.
The first result we will prove in this section is some explicit version of the algebraic Nullstellensatz for proper polynomial maps F : C n → C n with Lojasiewicz exponent δ > 0. The methods here are inspired of those used to provide a solution with economic bounds (taking into account the projective degree, that is in general the product of the degrees of the entries) for the algebraic Bezout identity (see for example [BY] , [BGVY] , section 5, [ElY] , [Y] .)
(F (Z)) is finite (since F is a proper map.)
Then one can apply the global transformation law for multidimensional residues [Aiz] and get, for any G such that G|F
One has, from (3.3), for any Z ∈ C n ,
where we used the abridged notation X
where Q β [G] is a polynomial with total degree at most
Since G ν is in the ideal (F 1 , . . . , F n ) because of Noether's theorem, one has
for some polynomials Q [j] β . Formula (3.4) can be written as
It is clear that (3.5) is a formula of the form
is proper over the origin, and G|F −1 (0) ≡ 0, then one knows from lemma 2.3 that
is a polynomial in w vanishing at 0 and the A j,0 come from (2.4). The same method as above can be applied for w 1 and we obtain for Z close to 0,
Raising denominators in (3.6) provides also some effective Nullstellensatz since A j,0 (0) = 0. The problem one has doing that is that the bounds for the degrees of the A j,0 and the N [j] β [G] can only be estimated using for example Perron's theorem ( [Pe] , Satz 57) and the transformation law.
In fact, with respect to the Nullstellensatz, nice estimates (for the case of maps proper over the origin) can be obtained following a method due to A. Ploski and Pi. Cassou-Noguès. In order to be complete, we will recall here their result and its proof.
Theorem 3.2 [CNPl] . Let F = (F 1 , . . . , F n ) be a dominant polynomial map from C n to C n proper over the origin, and
if the points are counted with multiplicities. Let S 1 (w), . . . , S d (w) be the Newton symmetric polynomials in the values (G (ζ 1 (w)), . . . , G(ζ d (w) )), where
(J as usual being the jacobian of F ), it follows from lemma 2.3 that S j is a rational function with no poles at 0. The same is true for the symetric functions σ 1 (w), . . . , σ d (w) of {ζ 1 (w), . . . , ζ d (w)}. For any w close to zero and such that F −1 (w) contains only simple points,
with A j ∈ C[w], then one has the polynomial identity
Since the polynomials (F 1 , . . . , F n , G) are algebraically dependent, there exists from Perron's theorem ( [Pe] , Satz 56 & 57, pages 125-126) some polynomial Q in n + 1 variables such that
We now use an argument of Jelonek (see the proof of proposition 12 in [Je] .) Since Q is irreducible, Q divides Q, so that we can compare the weighted degrees:
Now, one can rewrite (3.8) as
This provides the Nullstellensatz with the convenient estimates. ♦ When (F 1 , . . . , F n ) is dominant and separated over the origin (definition 2.1) one has:
. . , n be the constants attached to the fact that the map F is separated at the origin (see definition 2.1) and
Consider, for w 1, and such that #F where
Since (F 1 , . . . , F n ) is dominant, the relation (3.11), multiplied by G
provides an equation for G (which is such that (3.9) divides it, so that we have estimates on the weighted degrees of the A (G) k thanks to estimates (3.10).) The relation (3.9) can be rewritten as
Since A (G) 0 (0)H(0) = 0, the equation (3.13) solves the Nullstellensatz. One can rewrite (3.13) as
This concludes the proof of Theorem 3.3. ♦ When F = (F 1 , . . . , F n ) is dominant and satisfies the (H − δ) separation condition in definition 2.2, one has a similar result.
(0) = 0. We let now:
We use lemma 2.5 instead of lemma 2.4. We obtain as before a relation of the form (3.9), with the same conditions on A
s . On the other hand, by the same argument than in the proof of Theorem 3.3, there is a relation
Since (3.9) divides (3.14), one has
4. Some consequences of Briançon-Skoda theorem.
In this section, we prove that for maps with a negative Lojasiewicz exponent, the Nullstellensatz can be solved with estimates (1.11) or (1.12).
Proof. From (4.1), for any X = (X 0 , X) = (X 0 , . . . , X n ) ∈ C n+1 , X 0 = 0, X ≥ k|X 0 |,
Let G ∈ C[X 1 , . . . , X n ], G ≡ 0 on F −1 (0); then G ν ∈ (F 1 , . . . , F k ) by Noether's theorem. There exists some constant C > 0 such that, for any X ∈ S 2n+1 := { X ∈ C n+1 , X = 1}, with |X 0 | ≥
On the other hand, because of (4.4), ∃C > 0 such that for any X ∈ S 2n+1 , with |X 0 | ≤ 2/K, (4.5)
On the unit sphere S
for some C > 0. So for any X ∈ C n+1 \ {0}
Then for X ∈ C n+1 \ {0},
The inequality (4.6) remains valid in C n+1 . At any point Z in C n+1 , the germ at Z of 
At each point Z ∈ C n+1 \ {0} such that |Z 0 | ≥
So, at any point Z ∈ C n+1 \ {0},
Because of the hypothesis, it follows (as kindly pointed to us by Roger Gay) from [Ban] , corollary 4.3 page 42 (which is in fact a variant of Hartogs theorem), that (4.8) is also valid at Z = 0. So, once again
Taking X 0 = 1 provides the result. ♦
